A mathematical model of two-dimensional laser surface heating for the hardening of metallic materials is proposed. The model is governed by the heat equation (x, t) ∈ Ω, with the pointwise source term δ γ (y), satisfying the initial u(x, 0) = g(x) and boundary u(x, t) = 0, x ∈ ∂Ω, conditions. The pair of source terms ⟨m(t), ω(t)⟩ is assumed to be unknown. The two-valued (m(t) = 0 or m(t) = m 0 > 0) function m(t) is treated as the intensity of the laser beam, and the function ω(t) describes the laser beam trajectory. The identification problem consists of determining the pair of source terms ⟨m(t), ω(t)⟩ such that the corresponding heat function u(x, t) satisfies the condition ∥u − v∥ L 2 (Ω) ≤ ε, where the smooth function v(x, t) is assumed to be known (experimentally), and ε > 0 is a given-in-advance parameter. Besides the existence result, the structure of the optimal trajectory is also described.
Introduction
Laser surface hardening treatment has gained a great industrial interest as a manufacturing technology during the last decades (see, [1] [2] [3] [4] [5] [6] [7] , and references therein). One of the distinguishing features of this technology is the possibility of integrating the heating source directly on the production line. During the heat treatment of large surfaces, the laser beam trajectory must be organized in order to cover the whole surface Ω ⊂ R 2 of a workpiece, with sequential passes, having different laser beam intensities m(t). These passes compose the trajectory ω(t) of laser surface hardening. Interactions of these passes lead to the tempering of the previously hardened material. As a result, different intensities and trajectories lead to different laser surface hardening. Hence various optimization problems related to determination the best laser beam path strategy arise. In this context, the present paper deals with the problem of identification of laser beam intensity m (t) and trajectory ω(t) in the heat equation u t − ∆u = m(t)δ γ (ω(t) − x), corresponding to a given-in-advance temperature distribution.
In this paper we study the following mathematical model of laser surface heating:
Without loss of generality, we will assume that the domain Ω ⊂ R 2 , with the piecewise smooth boundary ∂Ω, contains in the unit square: Ω ⊂ [0, 1] 2 . The functions u 0 (x) > 0 and m(t) are defined to be an initial temperature and the intensity of the laser beam, respectively. The intensity is assumed to be a two-valued function: m(t) = m 0 > 0 or m(t) = 0. This class of functions will be defined to be as M. The continuous vector function ω(t) = (ω 1 (t), ω 2 (t)) describes the laser beam trajectory. The function δ γ (x − x 0 ) located at the point x 0 ∈ Ω, with the given parameter γ > 0, describes the pointwise source. Here
By optimally selecting the source terms ⟨m(t), ω(t)⟩ the heating (as well as the cooling) of the metallic material may be controlled in order to obtain a suitable treatment. The presented results show how the mathematical model can be usefully employed in the prediction of the time dependent temperature distribution arising on the workpiece. Note that the considered here source identification problem is different from the well-known classical inverse source problems, where the unknown number of sources and their locations along with their strengths are aimed to be identified (see, for example, [8, 4] and references therein).
Further, we will prove not only the existence of a solution, but also propose an effective algorithm for constructing an optimal trajectory.
The paper is organized as follows. Formulation of the source identification problem and the main result related to the existence of a solution is given in Section 2. In Section 3 some auxiliary results, in particular related to the construction of the laser beam trajectory, are derived. The proof of the main theorem is given in Section 4.
Problem formulation and the main result
Let v(x, t) be a given in advance heat function (temperature distribution), corresponding to the required (suitable) treatment of a metallic material. Evidently the heat function v(x, t) is the solution of the heat conduction problem
with the appropriate source term F (x, t). We will assume that the input functions in (3) satisfies the following conditions:
where Lip(Ω T ) is the class of Lipschitz continuous functions.
The source identification problem consists of finding such a pair of source terms W := ⟨m(t), ω(t)⟩, that for a given parameter γ > 0 the corresponding solution of the heat conduction problem (1) satisfies the condition
where c 0 > 0 does not depend on γ > 0. Here and below∆ is the Laplace operator with the domain D(∆) = {v ∈ W 2 2 (Ω) : u| ∂Ω = 0}. The degree α ∈ (0, 1) needs to be understood in the sense of spectral representation. The pair W := ⟨m(t), ω(t)⟩ defined in this way is said to be a quasi-solution of the source identification problem, according to [9, 10] . For purposes of applications it is enough to show that the problem has at least one solution for an arbitrary given parameter γ > 0.
The main result of the study can be formulated by the following existence theorem.
2 be a domain with a piecewise smooth boundary ∂Ω, m(t) ∈ M, and ω(t) = (ω 1 (t), ω 2 (t)) be a continuous vector function. Assume that δ γ (y) is defined by (2) and the functions F (x, t), u 0 (x) satisfy conditions (4).
Then there exists such a pair ⟨m(t), ω(t)⟩, with the two-valued function m(t) ∈ M and the continuous vector function
ω(t) = (ω 1 (t), ω 2 (t)), that inequality (5) holds. Furthermore, if Ω is a
square or a circle, then the stronger inequality
holds. Here 0 ≤α < (1 − σ )/(2(1 + σ )) and c 0 > 0 do not depend on γ > 0, σ andα.
Besides this existence result, construction of optimal laser beam trajectory ω(t) and the laser beam intensity function m(t) will be discussed, as well. For this, first we introduce the finite cover K := {Q n }, n = 1, M, of the compact set Ω:
is the square with the length γ > 0 and the center atx n := (˚x 1,n ,˚x 2,n ). This cover satisfies the following conditions Q n ∩ Ω ̸ = ∅, ∀n = 1, M, and
Second, we now introduce the uniform coarse grid
, with the grid parameter τ = T /N. We require that τ ≤ γ /2. Denote by 
We define two types of fine intervals, with odd and even subscripts:
respectively. To simulate the sequential passes, with the laser beam intensity m(t), the two-valued function m(t) ∈ M will be constructed in each time interval
Let us now construct the vector-function ω(t), simulating the trajectory of the workpiece move with respect to the laser source. According to the considered physical model, a point on the surface of the workpiece within the beam track is rapidly heated as the laser approaches it and passes. Hence for each time interval I k , k = 1, N, the finite cover K := {Q n }, n = 1, M, of the surface Ω will be heated by the laser beam sequentially, step by step, acting on each Q n . Specifically, assuming ω(t) =˚x n := (˚x 1,n ,˚x 2,n ), t ∈ I k,2n−1 , n = 1, M, we can identify each square Q n and odd number subinterval I k,2n−1 . 
Some preliminary results

Lemma
Proof. Let for j = 1, M − 1 the length d := d k,2j > 0 of each subinterval with even subscripts are chosen to be equal and satisfy the condition d < θ τ /(M − 1). We define the length of the last odd subscript subinterval I k,2M as follows:
By the above construction of the vector-function ω(t), we have ω(
show that the lengths of these subintervals with odd subscripts satisfy the following condition:
Then, due to measI k,j = τ , ∀k = 1, 2, . . . , N, this condition with (9) will imply the condition:
Indeed, by condition (4) there exists θ ∈ (0, 1) such that 0 < F (x, t) ≤ m 0 (1 − θ ). Hence condition (11) holds, if
But Mγ Now let m(t) and ω(t) be the above constructed functions. Assume that t 1 , t 2 ∈ (0, T ], 0 ≤ t 1 < t 2 ≤ T , are two arbitrary chosen values of the time variable t ∈ (0, T ], and consider the integral:
Evidently there exists such positive integers k 1 and k 2 that t 1 ∈ I k 1 and t 2 ∈ I k 2 +1 . Then we can estimate the above integral as follows:
We estimate the first right hand side integral using condition (10) as follows:
A similar estimate holds for the second right hand side integral of (13), with the same constant 2m 0 τ > 0. Adding and subtracting the term F (˚x j ,T k ) we estimate the third right hand side integral as follows:
since all terms of the last sum are zero due to condition (10) . Taking into account these estimates in (13) we conclude
This completes the proof of estimate (8). (14) with respect to the orthonormal basis {φ n } ∞ n=1 the following estimate holds: Proof. Letũ(x, t) =  ∞ n=1ũ n (t)φ n (x) be the Fourier series solution of problem (14) with respect to the orthonormal basis {φ n } ∞ n=1 of eigenvalues corresponding to the Laplace operator∆. Then for each n = 1, 2, . . . the Fourier coefficientsũ n (t) satisfies the following problem
Lemma 2. Let conditions of Theorem 1 hold. Assume that ⟨m(t), ω(t)⟩ is the pair satisfying the assertion of Lemma
1. Denote byF (x, t) = F (x, t) − m(t)δ γ (x − ω(t)) the source term of the problem ũ t − ∆ũ =F (x, t), (x, t) ∈ Ω T , u| t=0 =ũ| ∂Ω = 0, (14)
where F (x, t) is the source term of problem (3). Then for the Fourier coefficientsũ n (t) of the solutionũ(x, t) of problem
where λ n are eigenvalues of the Dirichlet problem for the Laplace operator∆, and
We transform the solution of problem (16) as follows:
Let us estimate the integral term inside the brackets. Using Lemma 1 and the formula for integration by parts for all t ∈ (0, T ]
we get:
Taking into account this estimate in (17) we conclude:
On the other hand,
EstimatingF n (t) we get:
If Ω is a square or a circle, then the system {φ n } ∞ n=1 is uniformly bounded. Hence
In both cases using the well-known property λ n ∼ n of eigenvalues in (19) we obtain the second estimate |ũ n (t)| ≤ c 6 (γ n)
for the Fourier coefficients. Accordingly, in the cases of a circle and a square, |ũ n (t)| ≤c 6 n −1 . This, with estimate (18), completes the proof.
Proof of the main result
Letũ(x, t) = v(x, t; F ) − u(x, t; W ) be the solution of problem (14) with the source termF (
Using here estimate (15) for the Fourier coefficients we conclude ; 1}, where σ ∈ (0, 1). Equating powers of γ > 0 we find α = (1 − σ )/(1 + σ ) ∈ (0, 1). Substituting this in the right hand side of the above estimate we obtain estimate (5) with c 0 = 2C 1 C β .
Consider now the case when Ω is a square or a circle. We use estimate |ũ n (t)| ≤c 3 min{β(γ + τ ); n Due to the conditions γ ∈ (0, 1) and σ ∈ (0, 1) we have 1 − σ − 2α(1 + σ ) < (1 + σ )(1 − 2α). Taking into account this in the above estimation we obtain (6). This completes the proof of Theorem 1.
